Abstract The objectively existing in situ stress field and the physical mechanical properties of rock are closely related to the borehole stability in petroleum engineering. However, in present engineering design, rock mass is simply treated as isotropic material. This method may be acceptable for shallow rock engineering, but for deep rock engineering, with the increase of drilling depth, the anisotropic properties of rock mass become stronger and should be considered. In the past, accurate methods to predict critical fracturing or collapse pressures were unavailable. Simple isotropic stress equations have been used to some extent, but these have failed to take into account real rock properties that are clearly anisotropic. On the basis of some rock testing experiments, the vertical borehole stability in transversely isotropic media was the main focus of this study. By solving the stress distribution on the borehole wall, a new vertical borehole stability model was established. The results obtained in this study showed that the anisotropy of the rock and the horizontal stress ratio greatly affect the stress distribution and the failure plane of vertical wellbores. Neglecting this effect can lead to errors in stability predictions. Therefore, it was seen that the effect of the rock anisotropy is of practical importance in the life of a well since it can avoid borehole instability issues. 
List of symbols r r
Radial stress on the wellbore wall (MPa) r h
Tangential stress on the wellbore wall at an angular position h (MPa) r z Axial stress on the wellbore wall at an angular position h (MPa) s rh ; s rz ; s hz Tangential stresses on the wellbore wall in cylindrical coordinate system (MPa) r xx ; r yy ; r zz ; s xy ; s xz ; s yz Far-field stresses in Cartesian coordinate system (MPa) 
Introduction
Maintaining borehole stability plays a very important role in the process of many oil well operations, since leakage and borehole collapse, which may occur in the drilling process, will cause significant economic loss (Gao et al. 1997) . Therefore, in order to increase economic benefit of well operation, gaining a full understanding of mechanical properties of rock becomes very important, since the existing in situ stress field and the physical mechanical properties of rock are closely related to the borehole stability (Wang 1987; Chen et al. 2005) . However, in present engineering design, rock mass per se is still simply treated as isotropic material. Whilst this viewpoint may be acceptable for shallow rock engineering, for deep rock engineering, with the increase of drilling depth, the anisotropic properties of rock mass become stronger and need be considered. Generally, most current studies consider shallow rock as brittle, and its stress and strain are close to linear elastic. Furthermore, land blocks which are related to an oil gas reservoir or coal bed gas reservoir are actually made up of sedimentary formation (i.e. sandstone beds and coal strata, etc. normally with a smooth rock attitude) with laminar texture. From a macroscopic perspective, its physical and mechanical properties are clearly anisotropic. The modulus of elasticity of sedimentary formation generally differs greatly between vertical bedding directions and parallel bedding directions, besides which, obvious differences also exist in Poisson's ratio and other intensive parameters. These differences in direction cause great influence in the stress of adjacent rock, thereby affecting the analysis of borehole stability (Li 1983; Aadnoy 1991; Liu and Zhu 1998) . However, until now, only simple isotropic stress equations have been used, but these are unsuitable for many situations: they fail to take into account real rock properties that are clearly anisotropic. Accurate methods to predict critical fracturing or collapse pressures have so far been unavailable. Results obtained in this way usually lack accuracy, they neglect the effect of anisotropy, and can lead to inaccurate conclusions when designing corresponding mud density during the well drilling process. They can thus result in serious borehole instability accidents. Therefore, the issue of rock anisotropy should not be ignored.
The importance of accounting for rock anisotropy in engineering problems is scale-dependent: it depends on the relative size of the problem being investigated, with respect to the size of the rock features such as strata or bed thickness and joint spacing. This paper sets out to further understand the actual situation of the well site taking anisotropy into account. It investigates the effect of the rock anisotropy in the stability and the stress distribution at the wall of vertical wellbores. The closed-form solution for stress distribution in transversely isotropic materials was used on the basis of rock experiments. A program was developed to compute the stress components at the borehole wall whereby sensitivity analyses were performed to analyze the effect of the elastic moduli and stress anisotropy. Tensile and shear failure criteria were considered for the borehole stability analysis.
The different mechanical properties between the isotropy plane and normal plane
This paper mainly deals with borehole stability of transversely isotropic formation. This special laminar texture kind of formation bears the following characteristics: In parallel bedding directions (horizontal), its physical and mechanical properties are very close and can be approximately considered as the same; however, great differences exist between any direction of the bedding plane and that of the vertical bedding. From a macroscopic perspective, these properties are obviously anisotropic. Based on the theory above, we therefore cored from the same rock in the vertical bedding direction and parallel bedding direction, respectively (shown in Fig. 1 ).
After coring in these two directions of rock samples, we conducted Triaxial Compression Tests using Changchun Sunrise TAW-1000 Deep Water Pore Pressure Servo-system, and its stress-strain curves are shown in Fig. 2 According to the methods above and Worotnicki's classification, 40 groups' rock experiments were completed, each giving the degree of three types of the rock anisotropy's range of variation, as shown in Table 1 . The changes of the mudstone's elastic parameters were mainly studied. By analysis, the following conclusions were obtained:
1. The ratio of mudstone's transverse and longitudinal modulus of elasticity is basically below 5, and Poisson's ratio ranges between 0.1 and 0.4. 2. Stresses have an influence on rock anisotropy, when the anisotropy is induced by joints; the degree of anisotropy can be much higher and is influenced by the stresses acting across the joint planes. From the experiments, it can be observed that E 0 and v 0 increase linearly with confinement, whereas E and m remain fairly constant, thus indicating that rock anisotropy decreases with an increase in stress.
Analysis of stress distribution around borehole wall

Stress components at the borehole wall
In the case of linear elastic material, isotropic or not, if under triaxial state of stress and within elastic range, its stress-strain relation always obeys Generalized Hook's Law. According to this law, the matrix form of the stress distribution at any point of the elastomer can be written as:
The independent elastic constant of transverse isotropy reduces to 5. Lekhnitskii (1963) concluded the stress-strain constitutive equations of transverse isotropy. The five independent elastic constants are a 11 ; a 12 ; a 13 ; a 33 ; a 44 respectively. In the actual process of vertical well drilling in the transverse isotropy formations there are two kinds of borehole conditions. One is the transversal isotropy in a plane perpendicular to the hole axis, where the isotropic plane consists of x and y axes, as shown in Fig. 3 . Another situation is the transversal isotropy in a plane striking parallel to the hole axis, also where the isotropic plane consists of x and z axes, and which is shown in Fig. 4 . Through calculation and analysis, we found that the values for the stress components when the borehole axis is perpendicular to the isotropic plane were the same as in the isotropic solutions. In this paper the second case was mainly considered. The specific stress-strain equations are shown as Eq. 2.
We define the degree of anisotropy (k) using the following expression:
For any problem of elastostatics, stress, strain, and displacement components must satisfy the following equations at any point around the hole:
1. Equations of equilibrium; 2. Strain displacement relations; 3. Equations of compatibility for strains; 4. Constitutive relations; 5. Boundary conditions.
The ultimate stress distribution equations should include the following two parts: the far-field stress vector r 0 before drilling and the boundary stress vector r h along the wall while drilling. The formulation for stress distribution around the borehole is based on the concept of generalized plane strain and linear elastic solid. The final stress distribution equations can be given by (Ong 1994; Amadei 1983 Amadei , 1984 Amadei , 1996 Aadnoy 1987) : 
However, for complicated variable z k , analytic function / k z k ð Þ is gained from its boundary conditions. Lekhnitskii (1981) concluded the analytic function expression of any point of the medium. Based on the studies above, the stress distribution around the borehole wall was mainly analyzed in this paper. Consequently, results indicated x ¼ a cos h; y ¼ a sin h around the wall, and through a series of substitution and simplification, we can get analytic function's partial derivative equations along the well wall as follows:
where: The analytical expressions of anisotropic media borehole's stress distribution have been acquired. However, these expressions are extremely complicated and the effects of every specific parameter to the results cannot be identified clearly. Consequently, after determining the five elastic parameters and the far-field stress of the transverse isotropy, this issue was addressed using a computer program, and the results were compared for this isotropic formation. Thus, in this study, a plane of elastic symmetry perpendicular to the borehole axis was considered a special case of anisotropy. It occurs for the following condition: when the rock mass is transversely isotropic with the hole axis perpendicular to the plane of transverse isotropy (shown in Fig. 4) . Consequently, these functions can be simplified to the following stress distribution formulas:
where:
For vertical borehole, its far-field crustal stresses are:
The borehole wall stress distribution expressions of transverse isotropic formation are on the basis of arithmetic coordinates (x, y, z). When h = 0, stress vectors are the same as in cylindrical coordinates. However, with the increase of h, the differences between these two coordinates are become bigger and bigger. As a result, the conversion from the Cartesian coordinate system to the cylindrical coordinate system is demanded. The conversion equation is shown in Eq. 10.
Using substitute borehole wall stress distribution equations of arithmetic coordinate in the cylindrical coordinates' version can now be obtained, and the formulas are shown as shown in Eq. 11. 
Model verification
In order to validate the program, the anisotropic solution was evaluated in isotropic conditions and the results were compared with those of the general isotropic solution. Jaeger and Cook (1979) concluded the stress distribution equations of borehole wall when subject to isotropic formations, as shown in Eq. 12:
The input data used for the model validation is shown in Table 2 .
The distribution of stresses at the wellbore wall was computed from the anisotropic and isotropic solutions given by Eqs. 11 and 12, respectively. The elastic parameters E and m from Table 2 were used for the isotropic case. The anisotropic solution was evaluated at isotropic conditions by taking E 0 ffi E and m 0 ffi m in order to avoid indeterminations generally obtained when such parameters are assumed to be equal. Substitute the validation data (Table 2 ) of vertical borehole to these two models, respectively. Table 3 shows the results of the tangential stresses obtained with both solutions for a number of borehole angles. It can be observed that when the anisotropic solution is evaluated under isotropic conditions, which the results are almost identical to those obtained with the isotropic solution. These results suggest that the anisotropic model is probably correct and can be used as the base of the model validation. Hence, the stress distribution of any angle can be obtained using the formulas above. With other data such as initial stress, hole direction, mud density and elastic parameters of rock obtained, the degree of anisotropy effect the stress around the wall, can be found, and then the borehole stability can be analyzed.
Stress distribution
Anisotropic formation and crustal stress conditions have a great effect on borehole stability. The degree of this effect can be analyzed by numerical calculation. Assume Table 2 ), where vertical modulus of elasticity is variable.
Effect of young's modulus ratio-degree of anisotropy
When the modulus of elasticity in the plane of isotropy is bigger than that in the plane normal to it (k [ 1), and in the opposite condition (k \ 1), the tangential stresses of borehole wall are shown in Figs. 5, 6. When k [ 1, Fig. 5 shows stress distribution of vertical borehole wall under anisotropic and isotropic formations. It indicates that the change trend of tangential stress is not the same at different angular position. When at h = 0°, the tangential stress reaches the minimum, whilst the maximum can be found when at h = 90°, both in anisotropic and isotropic formations. Furthermore, the tangential stress increases in transverse isotropic formations with the increase of the degree of anisotropy (k is bigger). In addition, the tangential stress value is always greater than in isotropic formations when h = 0°and h = 90°.
Similarly, when k \ 1, Fig. 6 also shows that its tangential stress reaches the minimum at h = 0°and the maximum at h = 90°both in anisotropic and isotropic formations when h = 0°. And the tangential stress increases in transverse isotropic formations when the decrease of the degree of anisotropy (k is bigger); and the tangential stress is always smaller than in isotropic formations when h = 0°and h = 90°. So the above analysis shows that the degree of anisotropy of rock has a direct impact on the stress distribution. Effect of stress anisotropy
The ratio of horizontal stress (n) was defined using the following expression:
When the modulus of elasticity in the plane of isotropy is bigger than that in the plane normal to it (k = 2) and the opposite condition (k = 0.5), then the tangential stress at borehole wall is as shown in Figs. 7, 8. From Figs. 7, 8 , it can be seen that the tangential stress has the same changed trend, regardless of k, with the horizontal stress ratio. When h = 0°, the tangential stress in transverse isotropic formations decreases with the increase of the horizontal stress (n is bigger); when h = 90°, the tangential stress increases with the increase of the horizontal stress (n is bigger).
Borehole stability analysis
The sidewall principal stress can be expressed in different versions according to various sidewall stress states. By calculation, the following stress state of borehole wall can be obtained: when r h [ r z [ r r , the maximum and minimum principal stresses are r 1 = r h , r 3 = r r respectively. For vertical borehole, at any point, two principal stresses r 1 = r h [ r 3 = r r must be taken into consideration. The basic strength parameters of rock are shown in Table 4 .
The failure criteria thus obtained can now be used to determine whether a vertical borehole would fail under the stress state, borehole configuration and rock properties as defined in Table 2 . Such criteria were also used to evaluate how far the prediction obtained with the isotropic model was from the prediction obtained with the actual anisotropic properties of the rock.
Tensile failure
From the perspective of mechanics, the reason why the formation breakdown occurred was because of the high mud density in the borehole, making the tangential stress greater than the tension strength of rock, that is:
When this tensile force becomes strong enough to overcome the tension strength of the rock, then the formation begins to fracture, leading to circulation loss. The fracture occurs at the point where r h reaches the minimum, Fig. 7 Tangential stress distribution at different horizontal stress ratio in anisotropic formation (k = 2) Fig. 8 Tangential stress distribution at different horizontal stress ratio in anisotropic formation (k = 0.5) Angle of internal friction /() 2 0 Fig. 9 Effect of degree of anisotropy on fracture pressure for a vertical wellbore in anisotropic formation (k [ 1, h = 0 ) that is, when h = 0 or h = 180 . If one substitutes the maximum principal stress of borehole wall cave into the expressions of tension strength (Eq. 14), then the fluid column pressure of the well, known as fracture pressure, can be obtained. By programming and calculating, we can now obtain the tension failure law of anisotropic formations. When k [ 1, we know from Fig. 9 that the fracture pressure of anisotropic formation is always greater than isotropic formation, and with the increase in the degree of anisotropy, the fracture pressure increases. Conversely, when k \ 1, Fig. 10 indicates the fracture pressure of anisotropic formation will always be smaller than in isotropic formations, and in anisotropic formations, the fracture pressure will increase gradually with the decrease of the degree of anisotropy (k is bigger).
From Figs. 11, 12 , it can be seen that the fracture pressure in transverse isotropic formations (whether k [ 1 or k \ 1) decreases with the increase in the horizontal stress (n is bigger), that is, the greater the ratio of horizontal stress, the easier it will be for tensile failure to happen.
Shear failure
It can now be seen from the previous stress analysis that when mud density is less than a certain number, shear failure will occur in borehole wall rock, leading to well collapse. For linear elastic material, an approximate collapse pressure is given by Morh-Coulomb Failure Criterion, so a proper analysis of borehole wall failure was made using this criterion for this paper. Besides, since the permeability of argillite is small, the infiltration of drilling mud can be ignored, enabling the well wall to be considered as impermeable. According to this analysis, borehole wall collapse will occur at the point when h = 90°and h = 270°, where the effective pressure differential r h À r r is the greatest. Applying this data to the Morh-Coulomb Failure Criterion (Eq. 15), if F B 0, then failure occurs. On the contrary, if one substitutes the maximum and minimum principle stress into Eq. 15 when the collapse occurs, then the critical drilling mud density which maintains the wellbore stability, known as collapse pressure, can be obtained. Similarly, the shear failure trend of different degrees of anisotropy can be analyzed using this method.
When k [ 1, we can know from Fig. 13 that the collapse pressure of anisotropic formation will always be bigger than when it exists in isotropic formation. Besides, in anisotropic formation, with the increase of the degree of anisotropy, the collapse pressure will increase gradually. However, when the condition is on the contrary (k \ 1), 14 indicates that when in anisotropic formation, the collapse pressure increases with the decrease of the degree of anisotropy (k is bigger), the value being always less than when in isotropic formation.
From Figs. 15, 16, it can be seen that the collapse pressure in transverse isotropic formations (whether k [ 1 or k \ 1) increases gradually with the increase of ratio of the horizontal stress (n is bigger).
From the above analysis, it can be seen that the degree of rock anisotropy and horizontal stress ratio affects the condition of stress of adjacent rock, thus leading to the difference between collapse pressure and fracture pressure. This further suggests that rock anisotropy cannot be ignored when analyzing borehole stability, and when drilling the formation having a high anisotropy, appropriate, and indeed, necessary attention should be paid to this.
Conclusions
This paper mainly deals with vertical borehole stability when drilling in transverse isotropic formation. By solving borehole wall stress distribution of transverse isotropic formation, a new borehole stability model has been established. Using this model, it can now be found out how the elastic parameters of anisotropic rock affect the stress distribution of borehole wall, and the corresponding borehole stability. The following conclusions can be summarized based on the analysis used:
• Under the condition of heterogeneous crustal stress, whether the formation is isotropic or not, the stress distribution of adjacent rock is characterized as heterogeneous. However, when the formation is anisotropic, the maximum stress of the borehole wall is greater than when in isotropic condition. To summarize, this anisotropic character intensifies the effect of heterogeneous crustal stress, thus having negative effect on the borehole. In certain geologic conditions, this effect may results in accidents. Consequently, this effect must be recognized and taken seriously.
In anisotropic formation, when h is different, then the degree of anisotropy and the horizontal stress ratio have different effects on the stress of adjacent rock. All in all, the degree of anisotropy has a great effect on the maximum and intermediate principal stresses. Hence, we need to measure the modulus of elasticity of rock more accurately in the lab, so as to improve the degree of accuracy when predicting borehole stability.
• The degree of anisotropy and the horizontal stress ratio have a great effect on the fracture and collapse pressures of adjacent rock. The trend of the boreholes to fail in tension decreases with the degree of anisotropy, k. On the other hand, the trend to fail in shear increases with the k. Neglecting the effect of the anisotropy during borehole stability analyses can lead to make erroneous decisions of the mud pressure that should be used when dealing with this type of formations. Consequently, it is important that an appropriate model is used according to the practical situation of different formations.
• The analysis and solutions stated in this paper are based on linear elastic theory, and the porous elastic effect is ignored. Besides, when analyzing the stress of adjacent rock, the permeability of rock and the effect of temperature and chemistry are also ignored. Hence, these effects can be included in later research. Further confirmatory analysis can also be conducted with lab fracture experiments, thus oilfield practice can be better guided by the results so obtained.
